IPRO 1983 Theoretical Question I

Mechanics — Problem I (8 points)

A particle moves along the positive axis Ox (one-dimensional situation) under a force having a
projection F, =F,on Ox, as represented, as function of x, in the figure 1.1. In the origin of the Ox
axis is placed a perfectly reflecting wall.

A friction force, with a constant modulus F;, =1,00N , acts everywhere on the particle.

The particle starts from the point x = x, =1,00m having the kinetic energy E, =10,0J .

a. Find the length of the path of the particle until its’ final stop

b. Plot the potential energy U(x) of the particle in the force field F, .

c. Qualitatively plot the dependence of the particle’s speed as function of its” x coordinate.

1E
b ,:0 =1,00 m X,
A
R=-10,0N———————- —
N
Figure 1.1

Problem I — Solution

a. It is possible to make a model of the situation in the problem, considering the Ox axis vertically
oriented having the wall in its’ lower part. The conservative force F, could be the weight of the particle.
One may present the motion of the particle as the vertical motion of a small elastic ball elastically
colliding with the ground and moving with constant friction through the medium. The friction force is
smaller than the weight.

The potential energy of the particle can be represented in analogy to the gravitational potential energy

of the ball, m[g [h, considering m[g = |FX|; h =x. As is very well known, in the field of a conservative

force, the variation of the potential energy depends only on the initial and final positions of the patrticle,
being independent of the path between those positions.

For the situation in the problem, when the particle moves towards the wall, the force acting on it is
directed towards the wall and has the modulus |

F_=|F|-F (1.1)
F =N (1.2)

As a consequence, the motion of the particle towards the wall is a motion with a constant acceleration
having the modulus
F. _IFI-F

a =—=
m m

(1.3)

During the motion, the speed of the particle increases.
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Hitting the wall, the particle starts moving in opposite direction with a speed equal in modulus with the
one it had before the collision.

When the particle moves away from the wall, in the positive direction of the Ox axis, the acting force is
again directed towards to the wall and has the magnitude

F =l |+F (1.4
F =1IN (1.5)

Correspondingly, the motion of the particle from the wall is slowed down and the magnitude of the
acceleration is

o =F RlF (1.6)

m m

During this motion, the speed of the particle diminishes to zero.

Because during the motion a force acts on the particle, the body cannot have an equilibrium position in
any point on axis — the origin making an exception as the potential energy vanishes there. The particle
can definitively stop only in this point.

The work of a conservative force from the point having the coordinate x, =0 to the pointx , L, , is

correlated with the variation of the potential energy of the particle U(x)—U(0) as follows
Ul)-U(0)=-1%_,
= = 7 (1.7)
U(x)-U(0)=~[F, tdx = [|F, | cdx =|F, | x
0 0

Admitting that the potential energy of the particle vanishes forx =0, the initial potential energy of the
particle U(x, ) in the field of conservative force

F.(x)=F, (1.8)
can be written

U(x,)=|R| X, (1.9
The initial kinetic energy E(x,) of the particle is — as given

E(x,)=E, (1.10)
and, consequently the total energy of the particle W(x, ) is

W(x,)=U(x,)+E, (1.11)

The draw up of the particle occurs when the total energy of the particle is entirely exhausted by the
work of the friction force. The distance covered by the particle before it stops, D, obeys

W(x,)=DF,
U(x,)+E, =DIF, (1.12)
|F| % +E, =DIE,

so that ,
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D= WT(:HEC (1.13)
and

D=20m (1.14)
The relations (1.13) and (1.14) represent the answer to the question l.a.

b. The relation (1.7) written as

u(x)=|F| (1.15)

gives the linear dependence of the potential energy to the position .

If the motion occurs without friction, the particle can reach a point A situated at the distance o apart
from the origin in which the kinetic energy vanishes. In the point A the energy of the particles is entirely
potential.

The energy conservation law for the starting point and point A gives

E, +|F| 0, =|F| &

5o, B (1.16)
]

A

The numerical value of the position of point A, furthest away from the origin, is
o=2m
if the motion occurs without friction.
The representation of the dependence of the potential energy on the position in the domain (0,5) is
represented in the figure 1.2.
E()]
E(8) {—

0f5A:0,15::11‘§§§§§1i5§§§§i2x(m):
Figure 1.2

During the real motion of the particle (with friction) the extreme positions reached by the particle are
smaller than O (because of the leak of energy due to friction).
The graph in the figure 1.2 is the answer to the question Lb.
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c. During the motion of the particle its energy decrease because of the dissipation work of the friction
force. The speed of the particle has a local maximum near the wall. Denoting v, the speed of the

particle just before its’ ki collision with the wall and v, ,, the speed just before its’ next collision,

Vi 2 Vi

Among two successive collisions, the particle reaches its’ x, positions in which its’ speed vanishes and
the energy of the particle is purely potential. These positions are closer and closer to the wall because a
part of the energy of the particle is dissipated through friction.

Xt <X (1.17)

Case 1

When the particle moves towards the wall, both its’ speed and its” kinetic energy increases. The
potential energy of the particle decreases. During the motion — independent of its’ direction- energy is
dissipated through the friction force.

The potential energy of the particle, U(x) , the kinetic energy E(x) and the total energy of the particle

during this part of the motion W(x) obey the relation

W(x,)-W(x) =F tx, - x) (1.18
the position x lying in the domain
x(0,x,) (1.19)
covered from x, towards origin. The relation (1.18) can be written as

2
. +IF. &o]{mf +[F| ﬂ} =F, tfx, ~x) (1.20

so that

v =2 [E.+ |k, = | =, )]

(1.21)
v =2[e, +x(F | -F)-x(F| -F)
and by consequence
r==\ 2[E.+xlE|-F)-+{E|-F) (12

The minus sign in front of the magnitude of the speed indicates that the motion of the particle occurs
into the negative direction of the coordinate axis.
Using the problem data

, 2
=—{19-90x
v m(9 9 )

> (1.23)

=—|=(19-9x
v m(99)

The speed of the particle at the first collision with the wall v,_ can be written as
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o == 2l n ] -

and has the value

v, =— 219 (1.25)

m

The total energy near the wall, purely kinetic E,_ , has the expression

E,_=E, +x,(F|-F) (1.26)
The numerical value of this energy is

E,_=19J (1.27)

The graph in the figure (1.3) gives the dependence on position of the square of the speed for the first

part of the particle’s motion.
V2“

%

Figure 1.3

Figure 1.4
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The graph in the figure (1.4) presents the speed’s dependence on the position in this first part of the
particle’s motion (towards the wall).
After the collision with the wall, the speed of the particle,v, , has the same magnitude as the speed

just before the collision but it is directed in the opposite way. In the graphical representation of the
speed as a function of position, the collision with the wall is represented as a jump of the speed from a
point lying on negative side of the speed axis to a point lying on positive side of the speed axis. The
absolute value of the speed just before and immediately after the collision is the same as represented
in the figure 1.5.

vi. :J%[EC +x (|- (128

After the first collision, the motion of the particle is slowed down with a constant deceleration a_ and
an initial speedv, _ .

This motion continues to the position x, where the speed vanishes.

From Galileo law it can be inferred that

0=v? -20E@_ [,

2
vt plErnlER) [ e -R) (129
"2 ) @EE F|+F

The numerical value of the position x, is

19
=" 1.
K=o (1.30)
For the positions
x0(0,x,) (1.31)
covered from the origin towards x, the total energy W(x) has the expression
2
W(x)= ’"2‘] +|F | (1.32)
From the wall, the energy of the particle diminishes because of the friction — that is
E. -W()=F &
2 1.33
E.+x(F]-F)-" - JF|E=F (199
The square of the magnitude of the speed is
= 2[E 41, (6] F)-(Fl +£)a]
m
9 (1.34)
v =2 5|+ )i, )
and the speed is
V:\/%[EC+XOQFX|—E)-QE|+E)D(] (1.35)
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Using the furnished data results
V2 :3[19—115(] (1.36)
m

and respectively

v:,/3[19—11a] (1.37)
m

For the positions lying in the domain xD(O,x1) - (which correspond to a second part of the motion of
particle) the figure 1.5 gives the dependence of the speed on the position.

Figure 1.5

As can be observed in the figure, after reaching the furthest away position, x,, the particle moves
towards the origin, without an initial speed, in an accelerated motion having an acceleration with the
magnitude of a_ = QFX| —E)/m. After the collision with the wall, the particle has a velocity equal in
magnitude but opposite in direction with the one it had just before the collision.

When the particle reaches a point in the domain (0,x1) moving from x, towards the origin its’ total
energy W(x) has the expression (1.32).

Starting from x, , because of the dissipation determined by the friction force, the energy changes to the
value corresponding to the position with coordinate x .

R o -w(x) =F dx, - x)

IFxlm—mez—lFxIDr:Fftﬁx1-x) (1.38
The square of the speed has the expression

v =2 [[F|-F ) -]

V2:%[[ECﬁ],éi“f,lf_ﬁ)]‘x}ﬁﬁﬁl—ﬁ) (1.39)
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and the speed is

V:\/3{[50+x00FX|—Ff)]_X}[qFX|_Ff) (1.40)

m| [Fl+F
Using the given data, for a position in the domain (0,x, )
v2 =£{E—x}[ﬂ) (1.41)
m| 11
respectively
v=- g{ﬁ—x}@ (1.42)
m| 11

The speed of the particle when it reaches for the second time the wall has - using (1.39) - the
expression

. :_\/3{[&+X00Fx|—5)][qFx|_Ff)} (1.43)

m{ Fl+F

The resulting numerical value is

2171
v, =- |- 1.44
2. Y (1.44)

Concluding, after the first collision and first recoil, the particle moves away from the wall, reaches again
a position where the speed vanishes and then comes back to the wall. The speed of the particle hitting
again the wall is smaller than before — as in the figure 1.5.

As it was denoted before v, is the speed of the particle just before its’ k™ run and x, is the
coordinate of the furthest away point reached during the k th run.

The energy of the particle starting from the wall is

_ v

B === =W, (0) (1.45)
In the point x, , the furthest away from the origin after k t collision, the energy verifies the relation
U, =x, [OF| =W, (x,) (1.46)
The variation of the energy between starting point and point x, is
vZ in

k2 -X, I:l]:x|:Ff X, (1.47)
so that

vZ

Xy ZW) (148)

After the particle reaches point x, the direction of the speed changes and, when the particle reaches
again the wall
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2
M = Ek+1 = |/Vk+1 (O)

The energy conservation law for the x, point and the state when the particle reaches again the wall
gives

2
x, [F,| -—Vk”zmn =F %, (1.50)
so that
2
via="x(F|-F) (1.51)

Considering (1.48), the relation (1.51) becomes

F|-F
A [%FITF (1.52)

Between two consequent collisions the speed diminishes in a geometrical progression having the ratio
q .This ratio has the expression

(1.53)

and the value

=2
q_\/; (1.54)

For the k +1 collision the relation (1.48) becomes
— Vlf+1 Lin
Xy = 1.55
= 2t{E[+F) (1.55)

Taking into account (1.52), the ratio of the successive extreme positions can be written as

M = |Fx| _Ff :q2
X, |FX|+Ff (1.56)
X1 =q° X,

From the k run towards origin, (analogous to (1.39)), the dependence of the square of the speed on
position can be written as v{,

V(zk») :% QFX| _Ff)[qu _X)]

iy =27 -F )b =]

or, using the data

(1.57)
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. _2[ 10 f9Y

For the k ™ run from the origin (analogous with (1.34)), the dependence on the position of the square of
the magnitude of the speed v(zkﬁ) can be written as

iy = 2{(F ]+ )b, )]

vy =2l +F ) =]

Using given data
2 19 (9Y

The evolution of the square of the speed as function of position is represented in the figure 1.6.

(1.59)

Figure 1.6

And the evolution of the speed as function of position is represented in the figure 1.7.
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Figure 1.7

The sum of the progression given in (1.56) gives half of the distance covered by the particle after the
first collision.

% 1
X, =X (1.61)
Z‘ RN

Considering (1.53) and (1.29)

S, =Bt 0 dRI-F)

(1.62)
P 2[F,
Numerically,
ZXk :Em (1.63)
k=1 2
The total covered distance is
D=2 X, +X
D; oo (1.64)

D=20m
which is the same with ( 1.14).

Case 2
If the particle starts from the x, position moving in the positive direction of the coordinate axis Ox its’

speed diminishes and its’ kinetic energy also diminishes while its’ potential energy increases to a
maximum in the x,' position where the speed vanishes. During this motion the energy is dissipated due
to the friction.

The total energyW(x), for the positions x between x, and x," verify the relation

W(x,)-W(x)=F - x,) (1.65)
the position x lying in the domain
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x0(x,x,)
when the particle moves from x, in the positive direction of the axis. The relation (1.65) becomes
[E. +[F| o] - [ IFIB} F (- x,) (1.67)

so that

v =2 [E,+[F 3ty ~[F | =F; =)

’ (1.68)
vt =" [E +x,(F|+F)-x(F] +F )]
and
=\/%[Ec+XOQE|+5)—XQFX|+5)] (1.69
Using provided data
3(21 110¥)
”’2 (1.70)
5(21 110¥)
v [a.u)
(N
AN
x(m)
0 i 1 2
Figure 1.8
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Figure 1.9

The graph in the figure (1.8) presents the dependence of the square speed on the position for the
motion in the domain x [1(x,,x,'). The particle moves in the positive direction of the coordinate axis Ox.
This motion occurs until the position x,' - when the speed vanishes - is reached. From the relation
(1.68), in which we take the modulus of the speed zero, results

| J— EC
X,'= X, +|FX|+Ff (1.71)

the numerical value for x," is
X,'=—m (1.72)

After furthest away position x,'is reached, the particle moves again towards the origin, without initial
speed, in a speeded up motion having an acceleration of magnitude a _ :QFX|—E)/m. After the
collision with the walll, the particle has a velocity v, ' equal in magnitude but opposite direction with the
one it had before the collisionv, _".

When the particle is at a point lying in the domain (0,x1') running from x," to the origin, its’ total energy
W(x) has the expression

m W2
W)=t

+ |FX| o (1.73)
Because of friction, the value of the energy decreases from the one it had at x,' to the corresponding to
the x position

Rl 3w (x) =F, dx'~x)

C m? ' (1.74)
= | e =F, )
The square of the speed has the expression
2
v? =<[(F.|-F ) ox,~x)] (1.75)

m
and the speed is
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== 2l -F )i

For the given data, in the domain, (0,x,')

v2=£{g—x}[9 (1.77)

m| 11

respectively

v=- 3?—@[@ (1.78)
m| 11

The speed of the particle hitting a second time the wall is — according to (1.78)-

e 2R R
== 2llF)-F )] (1.79

and has the value

[2 189
v, '=— |52 1.80
- m 11 (1.0

Concluding, after the first collision and first recoil, the particle moves away from the wall, reaches again
a position where the speed vanishes and then comes back to the wall. The speed of the particle hitting
again the wall is smaller than before — as in the figure 1.11.

Denoting v,' the speed at the beginning of the k™ run and x,' the coordinate of the furthest away

point during the k ™ run, the energy of the particle leaving the wall is

12
E'=YM (o) (1.81)

In the position x,' after the k departure from the wall, the energy is

U/'=xE| =W, (x,) (1.82)

The variation of the total energy has the expression

v2[h
2

so that

-x,IF|=F &’ (1.83)

| J— v'ilﬂ]
X, —W) (184)

After the particle reaches the position x,' the direction of the speed changes and, when the particle
hits the wall,

12
Ll =, =W, 0) (185)

The energy conservation law for the x, ' position and the point in which the particle hits the wall gives

Mechanics — Problem I - Solution Page 14 from 17



IPHO 1983

12
[ +|ﬁ7 1
X;<[l]:x|_vk21 :FfD(k

so that

. 2
Vi ==X, QFX| _Ff) (1.87)

m
Considering (1.84), the relation (1.87) becomes
F | -F

12 - 12 X 1.88

4 k+1 4 k F | + F ( )

X

Between two successive collisions the speed diminishes in a geometrical progression with the ratio g

F|-F
q= IF I r (1.89)
Using the data provided
9
q= " (1.90)
From (k +1)t, collision the relation (1.84) is written as
12
"— 4 k+1m7
1.91
k+1 2 FX| +Ff ( )
Considering (1.84) and (1.91), the ratio of the extreme positions in two successive runs is
Xk_+1' = —|FX| _ Ff = q2
x, |F|+F (1.92)
X' =G° O,

For the k' run towards the origin, analogous to (1.57), one may write the dependence of the square
speed v'fky_)as function of the position as

I R R )

Vi = 2 (e - ) -]

Or, using the data

o _2|od21 oY
v(kg)—m{gtﬁﬂtéﬂj xﬂ (1.94)

From the k ™ run from the origin, analogous to (1.59), the dependence on the position of the square
speed v{, _ can be written as

(1.93)
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V'%k,a):% QFX| +Ff)|:qu'_x)]

=2l )

Using given data

2] (2109
=—(1Ml=0—=
VT T U

The evolution of the square of the speed as function on position is presented in the figure 1.10.

-

V24 (a.u)
V1'z\ N
\\\ ~
Vz'z\. o .
4 ™ D
v, NS ~ <
V.:z\. \ \ \ \ \
\\ N ™ \ P
NN .
NN N \\
N N
Xy
NN NG X X, X(m),
0 ] 2 .
Xp
Figure 1.10

And the evolution of the speed as function of the position is presented in the figure 1.11.

la, |

Theoretical Question I QIFW
il

Figure 1.11

The sum of the geometrical progression (1.92) gives (after the doubling and then subtracting of the x, )
the total distance covered by the particle.
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ixk|zx1| 1 2

k=1 1-q
Considering (1.97), (1.71) and (1.72) it results

ZXk'zgm (1.98)
k=1 2

The total distance covered by the particle is

D=2 X, =X
Dkg‘k ’ (1.99)
D=20m

which allows us to find again the result ( 1.14).
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